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Abstract 

We study the behavior of matrix string theory in the strong couphng region, where 
matrix strings reduce to discrete hght-cone type IIA superstrings except at the usual 
string-interaction points. In the large N limit, this reduction corresponds to the double- 
dimensional reduction from wrapped supermembranes on R^^ x to type IIA super- 
strings on in the hght -cone gauge. Such reductions were shown classically, while 
CD ! they are not obvious quantum mechanically. Recently, Sekino and Yoneya analyzed 

' the double-dimensional reduction of the wrapped supermembrane quantum mechani- 

■ cally to one-loop order in the strong coupling expansion. We analyze the problem in 

! matrix string theory by using the same expansion. At the one-loop level, the quantum 

corrections cancel out as was presented by them. However, at the two-loop level we 
find that the quantum corrections cancel out only for the leading terms in the large A'^. 



^ '. 1 Introduction 



It is believed that the supermembrane in eleven dimensions |[T|, |^ plays an important role to 
understand the fundamental degrees of freedom in M-theory which is a unified description of 
the various superstring theories. Actually, it was shown that the supermembrane in eleven 
dimensions is related to type IIA superstring in ten dimensions by means of the classical 
double-dimensional reduction 0. The procedure is the following: (i) Consider the target 
space of R^^ x S^. (ii) Set the compactified coordinate (with radius L) proportional to one of 
the spatial coordinates of the world volume, which we call p coordinate, (iii) Simply ignore 
the infinite tower of the Kaluza-Klein (non-zero) modes. However, it is not obvious whether 
such a reduction is justified also in quantum theory. Actually, it was pointed out that the 
other set of zero-mode states which are independent of the other spatial coordinate of the 
world volume, which we call a coordinate, do not decouple even in the zero-radius limit 
(L — »• 0) IQ. Hence, whether the Kaluza-Klein modes along the compactified p direction are 
suppressed quantum mechanically seems to be a subtle question. 

Sekino and Yoneya analyzed the double-dimensional reduction quantum mechanically 
with the light-cone supermembrane action in the appendix of their paper ||^. Contrary to 
the classical treatments, they kept the Kaluza-Klein modes associated with the p coordinate 

* e-mail : uehara@eken . phys . nagoya-u. ac . j p 
t e-mail : yamada@eken. phys . nagoya-u .ac.jp 
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in the wrapped supermembrane theory on the target space R^^ x S*^ and they integrated 
them out by using the perturbative expansion with respect to the radius L. Since the gauge 
couphng satisfies g ~ 1/L in the wrapped supermembrane theory, the expansion can be 
regarded as the strong couphng expansion. They calculated the effective action for the zero 
modes along the p direction to the one-loop order of 0{L?') by integrating out the Kaluza- 
Klein modes. They found that the quantum corrections cancel out and the effective action 
agrees with the classical (free) action of type IIA superstring except at the points where 
the usual string interactions could occur. However, as is emphasized in their paper Q], the 
strong coupling expansion does not give a rigorous proof of the quantum double-dimensional 
reduction. The free parts of the Kaluza-Klein modes in the strong coupling expansion have no 
derivatives and it leads to the propagators which are proportional to the two-dimensional 5- 
function, 5^"^^^) = 5{T)S{a). Thus, the loop diagrams suffer from the ultraviolet divergences 
of S^'^\0) type, and we need a regularization for a rigorous treatment. However it is very 
difficult to find a suitable regularization which respects symmetries (e.g., supersymmetry and 
gauge symmetry), and hence the strong coupling expansion is not defined rigorously. In this 
sense, they gave a formal argument for the vanishing of the one- loop corrections of O(L^) 
by demonstrating that the coefficients of 6^'^\0) coming from both bosonic and fermionic 
degrees of freedom cancel out. 

The purpose of this paper is essentially to extend their (formal) calculations to the two- 
loop order of O(L^). However, the naive extension is not straightforward because at the 
two-loop level, even the coefficients of the S^'^^ (0) diverge due to the contribution of the infi- 
nite Kaluza-Klein towers. Thus, we need another regularization for the summation over the 
infinite tower of the Kaluza-Klein modes at the two-loop level. Contrary to the case of the 
divergence of S^'^^ (0) itself, it is relatively easy to find a regularization (which respects sym- 
metries) for the divergence of the coefficients due to the infinite Kaluza-Klein tower along the 
compactified p direction. In fact, we know the matrix regularization of the supermembrane 
on R^^ in the light-cone gauge and also that of the wrapped supermembrane on R^^ x 5*^ 
in the light-cone gauge The former is called Matrix theory |^ which was proposed to 
be a non-perturbative formulation of light-cone quantized M-theory in the large N limit and 
the latter is called matrix string theory 0, ^ which will be a non-perturbative formulation 
of light-cone quantized type IIA superstring theory in the large N limit. Furthermore, even 
at finite N, Matrix and matrix string theories are conjectured to be non-perturbative formu- 
lations of discrete light-cone quantized (DLCQ)0 M-theory and type IIA superstring theory, 
respectively [|r^, [TT|, |T^. Thus, in this paper we consider matrix string theory and study 
whether the reduction from matrix strings to discrete light-cone type IIA superstrings is 
justified quantum mechanically. According to the correspondence of the wrapped superme- 
mbrane with matrix string 0, the zero modes along the p direction, i.e., type IIA superstring 
degrees of freedom in the wrapped supermembrane theory, are mapped to the diagonal el- 
ements in matrix string theory. Hence, in this paper we study whether the reduction from 
matrix strings to the diagonal elements of strings is justified quantum mechanically to the 
two- loop order of O(L^), except at the points where the strings could interact usually. 

The plan of this paper is as follows. In the next section, we review the correspondence 

^In Ref. the quantum mechanical study on the double-dimensional reduction is discussed in appendix 
A, and in the body of the paper, the correspondence of the degrees of freedom in the wrapped supermembrane 
theory with those in matrix string theory is discussed in detail. 

^In this paper we use a convention of the light-cone coordinates such that ~ (a;° ± x^°)/a/2- Further- 
more, x~ is compactified on with radius R in DLCQ. 
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of the wrapped supermembranes on x with matrix strings. In section ^ we discuss 
the strong couphng expansion in matrix string theory. By using the expansion in the path- 
integral formula, we integrate out the off-diagonal matrix elements to the two-loop order of 
O(L^). We obtain the effective action for the diagonal matrix elements and study whether 
the reduction from matrix strings to the diagonal elements is quantum mechanically justified 
or not. Section ^ is devoted to our conclusion and discussion. In appendix A, we put the 
explicit expressions of the interaction parts of the action. 



2 From wrapped supermembrane to matrix string 

Our starting point is the following light-cone gauge fixed supermembrane action on the target 
space d, 



dr J dadp 



.(2.1) 



DrX' = drX' - \{A, X'}, (2.2) 

D^^ = d,^lj-j{A,^}, (2.3) 
{A, B} = d,A dpB - dpA d,B, (2.4) 

where the indices i, j run through 1, 2, ■ ■ ■ , 9, the spinor has sixteen real components^ and 
T is the membrane tension. At this stage, L is an arbitrary length parameter of no physical 
meaning. This action is invariant under the gauge transformation, 

5 A = a,A + i{A,A}, (2.5) 

Lj 

6X' = ^{A,X^}, (2.6) 

5^ = ^{A,V^}. (2.7) 

This gauge transformation generates the area-preserving diffeomorphism on the world vol- 
ume. In the A = gauge, the Gauss law constraint derived from the action (|2.1| ) is given 
by 

{drX\X'} + t{^^,^} = 0. (2.8) 

This constraint is originally the integrability condition for the equations determining the 
light-cone coordinate X~ , 

-1-P+daX- = daX'drX' + i^'^da^ , (2.9) 

where a = {cr,p) and this equation is locally equivalent to eq.( p.8| ). Note that the light- 
cone momentum (density), = LTdrX~^, is constant on the world volume. When the 
spatial surface of the supermembrane has a non-trivial topology, we have to impose further 

■^We use the real and symmetric representation for the gamma matrices 7', which satisfy {7*, 7-'} ~ 26^^ . 
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the global constraints. Actually, in the case of the toroidal supermembraneQ, the global 
constraints are given by 



27r 



2lT 



dp{dpX'drX' + i^p'^dpip) = 0. 



(2.10) 



Now, we consider the wrapped supermembrane theory on the target space R^^ x and 
discuss the correspondence of the wrapped supermembrane with matrix string p[. We take 
the X^ direction as the and identify the radius with the above parameter L, 



X^ = Lp + Y. 



(2.11) 



Thus L has the physical meaning of a radius of the X^ direction which is regarded as the 
"eleventh" direction in M-theory. Substituting eg. ( |2.11 ) into eg. ( p.lD , we obtain the following 
light-cone gauge fixed supermembrane action on R^^ x 5*^, 



S 



LT / dr 



2tt 



dadp 



k\2 



h 2 



4L2 



L 



F,, = drY -d,A--{A,Y}, 
D,X^ = d^X^-^{Y,X''}, 
D^ij = d^ij-^{Y,^}, 



(2.12) 
(2.13) 
(2.14) 
(2.15) 



where the indices k,l run through 1,2, ■■■,8. This is also an action of the gauge theory 
of the area-preserving diffeomorphism, where the gauge coupling g ~ 1/L. The gauge 
transformations are as follows, 



SA 
5Y 

5X^ 

6x/j 



drA+j{A,A}, 

d,A + j{A,Y}, 



Furthermore, substituting eg.( f^.llD into egs.( ^.10D , we have the global constraints 

da{d„YdrY + d^X^d^X^ + iilj'^d^il)) = 0, 

Jo 

I " dp{LdrY + dpYdrY + dpX^drX'' + i^li'^dptl)) = 0. 

^ 



(2.16) 
(2.17) 
(2.18) 
(2.19) 

(2.20) 
(2.21) 



In Ref. 1^, the infinite dimensional gauge group of the area-preserving diffeomorphism in 
eq.( p.l2 ) was regularized by the finite dimensional group U{N) and it was shown that the 

"'in this paper we consider this case only. 
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matrix-regularized form of the action ( |2.12| ) agrees with that of matrix string theory. 



S 



LT I dr j^'' dOtr 



d^Y - df)A 



2' ' 2 



L 



[AY], 



DrX'' = drX'' - - [A, X''] 

DqX^ = deX'' - ^[Y,X''] 



(2.22) 
(2.23) 
(2.24) 
(2.25) 



where each element of the matrices is a function of r and 6. Note that the action ( p.22| ) can 
be derived from Matrix theory action by combining T- and S-dualities with the flipping of 
the compactified direction from eleventh to ninth ^. The U{N) gauge transformations 
of the action (|]22D follows, 



(2.26) 
(2.27) 
(2.28) 
(2.29) 



6A = 


d,A+^[A,A] 


SY = 


dgA+^[A,Y] 


6X'' = 


l[Ax% 


dip = 





In the correspondence between the actions ( 2.12 ) and ( p. 22 ), the zero-modes along the p 
direction in the wrapped supermembrane are mapped to the diagonal elements of matrix 
string and the Kaluza-Klein modes are mapped to the off-diagonal elements P]. Here, we 
should notice that in the matrix regularization of the wrapped supermembrane on x S^, 
we have no obvious counterparts of the global constraints ( p. 201 ) and ( p.21| ), because the 
(matrix-regularized) Gauss law constraint, which is derived from eq.( |2.22| ), cannot be man- 
ifestly interpreted as the integrability condition^. Furthermore, in the standard derivation 
[^, 1^ of matrix string theory based on Seiberg and Sen's arguments |T2[ and the com- 
pactification prescription of Taylor |[T^ , such global constraints do not appear naturally^. 

The classical double-dimensional reduction is to assume that the Kaluza-Klein modes 
along the p direction of every field are zero. Then the action (|2.12| ) reduces to 



S = 271 LT I drj^'^ da 



(2.30) 



where, for simplicity, we also set the zero modes of A and Y fields to zero. With the 
identification 2'kLT = \ 121101 , which is kept finite in the L — limit, this action agrees 
with the light-cone type IIA superstring action in the Green-Schwarz formalism. In the 
matrix-regularized action ( p.22| ), such a classical double-dimensional reduction corresponds 



^Of course, also in the matrix regularization of the supermembrane on i?^ 



i.e., Matrix theory, we 



have no obvious counterparts of the global constraints (2.10) due to the same reason. 

^In Ref.B, the origin of the level-matching condition in matrix string theory was discussed. 
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to the assumption that the off-diagonal elements of every matrix are zero 

( \ / ^1 \ 



\ 



xi J 



\ 



f2.311 



J 



Then the action reduces to the DLCQ type IIA superstring action in the light-cone mo- 
mentum p"*" = N/R sector. Depending on the boundary conditions with respect to 6, the 
diagonal elements x^{d) {a = 1, ■ ■ ■ , N) in the matrix ([ 



describe one or more separate 

strings. For example, the boundary conditions x^{6 + 2tt) = x^{6) correspond to string 
bits having = 1/R, which are regarded as the minimal length strings in DLCQ. On the 
other hand, a string of maximal length having p"*" = N/R is described by the boundary 



condition x^(6' -t- 27r) 



X 



a+l 



{0),x 



x'lie). 



It is expected that the above reductions are justified also in quantum theory''. How- 
ever, as was discussed in Refs.Q] and |^|, the justification is not so simple. In particular, 
in the appendix of Ref. [^], the quantum double-dimensional reduction of the wrapped su- 
per membrane (|2.12|) was analyzed for the small radius L, which corresponds to the strong 
gauge coupling ~ 1/L in the wrapped supermembrane theory and also to the weak string 
coupling gs ~ Ll\fa' in type IIA superstring theory. Concretely, by using the perturbative 
expansion with respect to L in the path-integral formula, the Kaluza-Klein modes along the 
p direction were integrated out to the one-loop order of 0{L'^), and it was found that the 
effective action for the zero modes agrees with the classical (free) action of the type IIA 
superstring except at the points where perturbative interactions would occur by joining or 
splitting of strings. That result is consistent with the expectation that the wrapped su- 
permembrane theory in the region of small radius L agrees with the perturbative type IIA 
superstring theory. In the next section, we analyze the quantum reduction of matrix string 



( |2.22| ) to the diagonal elements for small radius L. That is, by using the same perturbative 
expansion in the path-integral formula, we integrate out the off-diagonal matrix elements to 
the two-loop order of 0{L^) and study whether the effective action for the diagonal matrix 
elements agrees with the classical (free) action of the DLCQ type IIA superstring except 
at the points where perturbative interactions would occur by joining or splitting of DLCQ 
strings. 



3 Strong coupling expansion in matrix string theory 
3.1 Path-integral formula 

To begin with, we decompose every N x N hermite matrix in eq. 
and off-diagonal parts as follows, 

A a + A, (3.1) 

^To be precise, since it is not obvious whether the quantum supermembranes can be the degrees of 
freedom in M-theory, there may be no logical reasons for the expectation that the reduction from the 
wrapped supermembranes to type IIA superstrings is justified also in quantum theory. However, in the 
context of Matrix and matrix string theories, the quantum matrix-regularized supermembranes are the 
degrees of freedom in DLCQ M-theory. Hence, it is expected that the reduction from matrix strings to 
DLCQ type IIA strings is justified also in quantum theory. 

^See also Ref. for related discussions. 



2.22) into the diagonal 
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Y 

where a, y, and ip are the diagonal parts; 



y + Y, 



a = iaa 



( ai 



\ 
\ 



02 



k 
X2 



\ 

Cat / 

\ 



N / 



y = {ya) 



V 

/ ^1 

V 



2/2 



^"2 



\ 
\ 



and A, Y, and \l/ are the off-diagonal parts, 



A 



X' 



{Aat) 



ab 






A12 ■■ 


■ AiN \ 




/ 





Y12 


A21 


■■ 


■ A2N 






Y21 







, Y=(Yah) = 






Am 


An2 ■ ■ 


■ ) 




V 


Yni 


Yn2 





Vk 

^12 ■ 


yk N 








^21 


■ 


yk 
■ ■ ^2N 








-yk 


vk 

^N2 ' 


■■ , 











^12 ■ 










^21 


■ 


■ ^2N 










^7V2 ■ 


■ ) 









After the replacement of eqs.(p.l|)-(p.4|), the action ( |2.22| ) becomes 



S 



dr dd{CB + Cf) 



tr 



^{dea)' - deadly + \{dryf + \{drx'f - \{dex'f 

+ [A,y]f - ^(K^l + [A.x'^]f 

+ [Y,x']f + ^([x^X'] + [X\x^]f 
~{drY - deA){[a,Y] + [A,y]) - ^{d^y - dea)[A,Y] 
-^drX\[a,X^] + [A.x'']) - ^drX^[A,X^] 



+ -deX\[y,X'^] + %x'^]) + -dex'^[Y,X' 



i^j'^dr^ - #V5eV^ + ^] - y^Vb, ^] - Y^^7''[x^ ^] (3.9) 

1j Lj 1j 

+j^p^[A, VI/] - Iv^viv-, ^] - V[x^ VI/] 

Ij Ij Lj 

Furthermore, the gauge transformations are decomposed as 



Lp = tr 



6a = 


(9,A + -^[A,A]diag, 


(3.10) 


SA = 


drA + ^{[X,A] + [A, a] + [A, A]ofr-diag) , 


(3.11) 


6y = 




(3.12) 


SY = 


9,A + -^([A,r] + [A,y] + [A,F]off.diag), 


(3.13) 


5x^ = 


— [A, X'']diag , 


(3.14) 


5X^ = 


^([A,X'=] + [A,x'=] + [A,XVdiag), 


(3.15) 


SiP = 


^]diag, 


(3.16) 


5^ = 


-^([A,^] + [A,^] + [A, ^]off-diag) , 


(3.17) 



where A and A are the diagonal and off-diagonal parts of the gauge function, respectively. 
At this stage, we impose boundary conditions with respect to 6 on the diagonal matrix 
elements in eq.( p.5|) . Actually we choose such boundary conditions for the X string bits0 
having = 1/R a.s 

aa{e + 2it) = aa{e), ya{e + 27r) = ya{e), x^(e + 27r) = a;^(^^), + Svr) = M^)- 



Then, it is natural that the off-diagonal matrix elements in eq. (|3.6|) also satisfy the following 
boundary conditions, 

Aat{e + 27r) = Aat{e), Yat{e + 2n) = Yat{e), 
X'^,ie + 2n) = X,\(^), <f,,ie + 2n) = 



^In the large N limit, N string bits having j<+ = 1/R do not correspond to the wrapped supermembrane 
directly. In fact, in Ref. [^, the correspondence of a long string having p+ — N/R with the wrapped 
supermembrane was discussed. In this paper, however, we study only the reduction from matrix strings to 
the N string bits for simplicity. 
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Our next task is to consider the path-integral formula of the action ( |3.7| ). The gauge 
conditions for the diagonal and off-diagonal parts are chosen as follows, 



a = y, 

deY-^[y,Y] 



-[a, A] -drA = 0. 



(3.18) 
(3.19) 



We proceed in the Landau gauge. Then, we obtain the path-integral formula of the action 

" VyVx''Vil:VcDcDAVYVX^V^VCVCVB exp [i{S + Sgf + 5",;,,)] , (3.20) 

(3.21) 
(3.22) 



tr 
tr 



B{doY--[y,Y] 



L 



L 



[y,A]-drA 



zc{dr - de)c -^\^eC[ deC - j[y, C] - ^[Y, C] 
~y[y, C] [ deC - -[y, C] - C]) + -^[C, r]diag[C, r]dia, 



V 

1 

1? 



1 



+ '-[y,C] {d^C~'-[y,C]-'-[A,C] 
~drC [drC-'-\y,C]-'-[A,C] 



^[C) ^]diag[C, ^]diag 



(3.23) 



where the integration over a is carried out by using the Landau gauge condition for eg. ( p.l8| ). 
Note that in eg. (|3.23|) , the coupling terms between the diagonal part of the ghost (anti-ghost) 
and the off-diagonal part of the anti-ghost (ghost), such as Cc (cC), do not exist. This is 
due to the Landau gauge for the gauge condition eg.( p.l9|) . Now the off-diagonal parts are 
rescaled as p 



A^ LA,Y ^ LY, X^ LX^ * ^ L^/^^, C ^C,C ^ L^C, B 
Then the action ( ^.21 ) is given by 



B. 



(3.24) 



2 rB 

2 



lustring 



tr 



tr 



1/2 

lidrx'r-l{dex'r + \{{dr-de)y}' 



+ic{dr — dg)c + tip drip — ilp 'y 

ll^'^^Ar + ^ix^Yf + ^ix^Xf 
-l{[y,Y] + [x\X'^]-[y,A] 
-iB ([y, Y] + [x\ X^] - [y, A]) + i[x\ C] [x\ C] 



(3.25) 



(3.26) 
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''-1 



B 



tr 



C 



tr 



tdrY[y, Y] + 2idrY[y, A] - idrA[y, Y] + 2ideA[y, Y] 

-ideA[y, A] - tdgY[y, A] - td^X'^ly, X'] + 2td^X^[x\ A] 
-idrA[x\X^]+ideX''[y,X'']-2ideX\x\Y]+ideY[x\x''] 
-[y,Y][A,Y] + [y,A][A,Y] - [y,X'][A,X'] + [x',A][A,X'] 
+ [y, X'] [Y, X'] - [x^ Y] [Y, X'] + [x^ X'] [X^ X'] 
+BdgY - BdrA 

-deC[y, C] - [y, C]deC + t[y, C] [Y, C] + C] [X^ C] 
+ [y, C] drC - t[y, C] [A, C] + drC[y, C]\ , (3.27) 

1 



k\2 



rF 



tr 
tr 
tr 



\{drY - doAf + \{d^X'^f - -{deX 
-idrY\A, Y] + ideA[A, Y] - idrX^A, X^] + ideX^Y, X^ 
-i [A, Yf - \ [A, Xt + \ V. + \ 
-ideCdeC - deC^, C\ + id^CdrC + drC\A, C\ 

— 'i[C',X ]diag[C, X ] 

diae 



(3.28) 
(3.29) 
(3.30) 

(3.31) 



Our purpose is to study the behavior of matrix string theory for small radius L. Actually, 
by using the above action, we perform the perturbative expansion with respect to L and 
integrate only the off-diagonal matrix elements. The expansion is essentially the strong 
coupling expansion with respect to the gauge coupling g ^ 1/L. In the expansion, we 
regard eqs.dO^) and as the free parts and eqs.(^), (g), ( p30| ) and ( p3TD as the 



interactions. In the next subsection, we read off the propagators from the free parts ( 3.26 



and ( p.29| ). In subsection p.3| , based on the expansion, we integrate the off-diagonal matrix 
elements in eq. (|3.20|) and derive the effective action for the diagonal matrix elements. 



(3.32) 
(3.33) 
(3.34) 
(3.35) 



VyVx'^VipVcVc exp {iSeff[y, x^ , c, c, V^]) , 
Seff[y, x^ c, c, i)] = LT j dr d9 {c''"^9 -i\nZ{y, x^ V] 



Z[y, x^ 7/;] = / VAVYVX^V^iVCVCVB exp 



iS 



S = LT j dr jj dO (C^ + LCf + L^C^ + + L^^^C(/2 + LC( 
Henceforth we set ^ = (r, 6) and LT = 1 for brevity. 
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3.2 Free action and propagators 

From eqs.( |3.26"D and ( |3.29|) , the free action is given by 



TV 



a, b=l 



a -6 J ^ab^ba 2^'"^'^ "^^ ^ -^ab^ba 



-\ {{Va - yb)Yab + {x\ - xX)Xl^ - " yb)Aab] 

^{{Vb- ya)Yba + (X^ - xl)Xl;^ - - ya)Aba} 
-iBab {{yb - ya)Yba + (x^ ' X^JX^^ - {y^ - 2/a)Aa} 
"^(-^a ~ -^fe) CabCba 

-iVa - yb)^lbi^ - 7')^6a + {xt - 4)^'r,7'^6a 



(3.36) 



where use has been made of the matrix elements in eqs.( |3.5| ) and ( p.6| ). Similarly we can 
rewrite the interaction parts ( p.27| ), (|3.28|) , ( |3.30D and (|3.31|) (See appendix A for the con- 
crete expressions). From the above expression of the free action, it is easy to read off the 
propagators, 



{YabiOYbaiO) 

{x'abmLiO) 

(A^bmbaiO) 

{X'abiOYbaiO) 

{AabiOYbaiO) 
{BabiOybaiO) 

(BabmLia) 

{CabiOCbaiO) 

{KbiO<iO) 



—I 



(Xa - Xb)^ 

—i 

i^Xa Xb) 

i 



1 



{ya - ybf 



G(e,n, 



Xa Xf^jyx^ X^j 



1 + 



(Xa Xb) 

{ya -yb)^^ 



(X(j Xb) 

{X'^biOAbaie)) = ^ 

. (ya-yb)^ 



Xa Xb) 

ix'"a-4)iya-yb) 



[{Xa - Xb)"^]"^ 
{BabiOAbaiO) 



[{Xa - Xb)^] 

G(e,o, 

ya - yb 



{Xa - Xb)"^ 



G(e,eo, 



•^a -^b 



{Xa - Xb)'^ 

. _j ., G{^,0, 

\Xa Xb) 

{{ya - yb){I + l^)ap + {x'a ' xt)l'^^} 
1 



X 



(Xfi Xb) 



G(e,0, 



(3.37) 
(3.38) 
(3.39) 
(3.40) 
(3.41) 
(3.42) 

(3.43) 
(3.44) 

(3.45) 



Xa Xjj) 



where ^(^,^0 = S^^\^-^') = S{t -T')S{e -6'), {xa-Xb)^ = (x^ - Xfe^)(a;^ - x^) 
and the spinor indices a, (3 run through 1, 2, ■ ■ ■ , 16. Here we should notice that {xa — Xb)'^ for 
any pairs a ^ h (l<a, & < A^) must be non-zero in order that the perturbative expansion 
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with respect to L makes sense since the propagators are singular at {xa — XbY = 0. We recall 
that in matrix string theory, the usual string interactions are described by the exchanges of 
coincident diagonal matrix elements, which correspond to the world-sheet instanton effects 



15| . Hence, at the points where usual string interactions occur, the perturbative expansion 
with respect to L does not make sense even for small radius L. In this paper we consider only 
the situations in which the perturbative expansion with respect to L makes sense, and by 
using the expansion we integrate out the off-diagonal matrix elements and derive the effective 
action for the diagonal matrix elements. Under these circumstances where the usual string 
interactions are neglected, it is expected that the quantum corrections cancel out and the 
effective action agrees with the classical (free) action of DLCQ type IIA superstring. 

For later convenience, we define new hatted variables and {K = k, 9, 10 {k = 
l,2,---,8)), 

j^k ^ ^k^ ^ Y, = iA, x^ = x^ x^ = y, x^° = iy. (3.46) 

The propagators ( ^.37D -( p.41D are represented in a single form with the new variables, 



{x^doxLia = U"^ - ^ " i Gi^,a- (3.47) 



Here note that [xa — XhY = {x^ — a;^)(xf — xf ) = (x^ — x^){x^ — x^) = {xa — Xbf 



3.3 Effective action 

In this subsection we calculate the effective action ( |3.33| ) (or ( p.34| )) based on the perturbative 
expansion with respect to the radius L. As is emphasized in Ref. however, the calculations 
are not well-defined. The reason is as follows: In the previous subsection we have seen that 
the propagators (|3.37| )- (|3.45| ) in the perturbative expansion are proportional to the (5-function 
= 5^"^^^ — ^'). Hence, the loop contributions have the ultraviolet divergences like 
(5^^'*(0) and we need a regularization for the divergences. However, it is very difficult to 
find a suitable regularization which respects symmetries (e.g., supersymmetry and gauge 
symmetry) and hence we cannot perform well-defined calculations. Actually, we can easily 
understand a difficulty in finding the regularization. If we adopt a certain regularization 
(e.g., cutoff regularization for large momenta), the regularized 5-function G{^,C,') would not 
satisfy such a property of 5-function that f{^)G{^, = f{C)G{C,, C). Then we shall have an 
ambiguity how we choose the arguments in the differences of the diagonal matrix elements 
(x^ — x^) and {i/a — yt) which appear in the propagators ( p.37|) -( pl45D . For example, we 
can choose (x^(0 - x^(0) and (y„(0 - VbiO), hai^') - and (?/„({') - yb{^')), or 

etc.. To avoid the ambiguity, henceforth we consider only the configurations of the diagonal 
matrix elements in which the differences of arbitrary two elements (x^ — x^), {ya — yb) and 
{ipa — 'ipb) are independent of ^, although x^, x^, ya, yb, i^a and ipb themselves depend on 
^ in general. (See Fig.|l| for such a configuration.) Here we should notice that we have not 
yet found the suitable regularization, though we have reduced an ambiguity by restricting 
configurations of the diagonal matrix elements. Hence we still cannot give the well-defined 
calculations perfectly but only give a formal argument about the quantum corrections by 
studying whether the coefficients of 5''^'*(0)'s cancel out between the bosonic and fermionic 
degrees of freedoms. 
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X3 




Figure 1: A configuration of string bits in which the differences of arbitrary two bits 
constant, though x^(^) and x^'(^) depend on ^ in general. 



3.3.1 0(LO) 

The lowest order contribution in eq.( |3.34| ) is the one-loop determinant of the free action 
(|3.36|) . Actually, the determinant is unity due to the coincidence between bosonic and 
fermionic degrees of freedoms. 



3.3.2 0(Li/2) 

The next contribution in eq. (|3.34|) comes from the interaction part ([A.3|) of 0(L^/^). However 
the contribution {iS^i^) vanishes because there is no way to self-contract «5'^2 
from eq.( |A.3| ). 



3.3.3 0{L^) 

The 0{L^) contributions in eq. (|3.34| ) come from eqs.( |A.l|) , ([A.3|) and ( |A.4|) . Actually, there 
are tree kinds of contributions, {iS^), {l/2\){iSy2'''Si/2) i'^^i)- 

First we consider (iSi). In (iSi), the second summation in eq.( |A.l|) does not contribute 
because there is no way to self-contract that part. Hence, we get 



N 

L j d^iY^ {iiVa - yb)drYabYba " i(l/a " yb)drYabAba 



- i{ya - yb)deAabYba 



-i{ya - yb)deX^^,Xl + i{xl - xl)deXl,Yba + B^bdeYba - B^bdrAba 

+2{ya - yb)deCabCba - '2{ya - yb)drCabCba), (3.48) 
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where we have performed partial integrations due to the assumption that (x^ 
{Va — Ub) are independent of ^. Furthermore, we can rewrite the equation as 



Xi, 



and 



a,b=l ^ 

-^iVa - yb)de{Aab{0Yba{O) + KVa - yb)de{A^b{0Aba{O) 

+^iya - yb)dr{xl,{Oxl{0) - K< - OdAx'abmUO) 

-t{ya - yb)de{Xl,{0Xl{O) + - xl)de{Xl,{0yba{O) 

-de{Bab{Oyba{0) + dr{Bab{0Aba{O) 

+2{ya-yb)de{Cab{i)C,a{0) 

-2(1/, - y,) dACab{i)CUO)]5^^\i - O- (3.49) 



In this contribution, from the expression of the propagators ( |3.37|) - (|3.45|) , we see that the 
quantity in the braces { } is antisymmetric with respect to the exchange of the indices a 
and h. Hence, (iSf) is zero by summing over a and h. 

Next we consider {1 /2\){iSy 218^2) ■ From the interaction (|A.3| ), we get 



1 
2! 



-2L I d'i I dr E 



a, 6=1 - 



(C(o-c(0)(c'(0-c'(r)) 



{Kbio<ia{Aamab{e)) - {Kb{o<ia){Aba{oyab{a)ii'a' 
-{Kbi0<{e)){Abam'a,{O) ik' - {<bio<{e)){Ybamab{0) ii 

+ {'^iiO<iO){Ybamab{e)) + {<b{0<{i')){Ybamab{0) llM' 

-{<bmba{O){xi{0Aab{O) it + Ami{O){xi{0Yab{O) iio.li'.' 



(3.50) 



Also in this contribution, from the expression of the propagators (|3.37| )- (|3.45|) , we see that 
the quantity in the bracket [ ] is antisymmetric with respect to the exchange of the indices 
a and b. Hence, it is obvious that (l/2!)(iS';[^2 zero. 

Finally, we consider {iS[). In {iS[), the second summation in eq.( |A.4|) does not con- 
tribute because there is no way to self-contract that part. Then we get 



{zS[) 



iL I d-'i E U'^lbdr'^ba)-l{'^ll'de^ba) 
a,b=l 

iL [ d'^ [ dr E {^MKbmbaiO) 

•' a,b=l ^ 



-^de{^:b{o<{a)iL'Wi^-a (3.51) 



Also in this contribution, from the expression of the propagators ( |3.37| )-( p.45| ), we see that 
the quantity in the braces { } is antisymmetric with respect to the exchange of the indices a 
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and b. Hence, it is obvious that {iS[) is zero. Thus, all quantum corrections of 0{L) to the 
classical string action are zero. Note that to show the zero quantum corrections of 0{L), we 
have used only the antisymmetry under the exchange of the indices a and b, and we have 
never used the fact that G{^,C,'), which appears in the propagators, is the 5-function. Hence 
the quantum corrections of 0{L) would be zero even if we adopt a certain regularization and 
is the regularized 5-function. 

3.3.4 0(L3/2) 

are tree kinds of contributions in eq.( p.34|) . Those are (l/2!)(iS'f iSf^g)) 



{l/3\){iS[^2'''^i/2'^^i/2) (l/2!)(^'S'f iSljr^. However, each contribution is zero because 
there is no way of contraction in iS^ iSy2^ ^^1/2 ^^1/2 ^^1/2 ^"^^ ^^i ^^1/2^ respectively. 

3.3.5 0(L2) 

At 0(L2), there are many contributions in eq.( |3.34|) . Actually, those are {l/2\)(iSfiS^) , 
{tSi), il/2\){tS[jS[), il/2\){^S^^S[), (l/3!)(z^f/,z5f/2Z^f ), (l/3!)(^^f/2^^f/2^^f ) and 

{l/4:\){iSy2'^Sy2'^Sy2'^Sy2) ■ Note that the last three contributions contain fermionic di- 
agonal elements ipa- They each vanish due to the anti-commutativity of the Grassmann 
variable ipa- And it is easy to show that the contribution of {l/2\){iS^iS[) vanishes. Then 
(l/2!)(iS'f z5'f ), (182) and {l/2\){iS[ iS[) give non-trivial contributions in eq. (|3.34|) , which 
will be calculated below. 



(1) One-loop contributions 

First, we consider the one-loop contributions in {l/2\){iS^iS^), {182) and (l/2!)(zS'f iS(), 
which are referred to as (l/2!)(i5f i5f l^iS^){one-ioop) {l/2\){iS( iS()^°''^-^°°P\ 

respectively. In Fig.Q, we give Feynman diagrams which correspond to such contributions. 

(a) (b) (c) 

Figure 2: One-loop Feynman diagrams at 0{L^). Figs. (a), (b) and (c) correspond to one- 
loop contributions in (l/2!)(zS'f iS'f ), {182) and {l/2\){iS[ iS[), respectively. Sohd lines 
denote the propagators of the bosonic or the ghost fields and dashed lines denote those of 
the fermionic fields. 

First of all we consider (l/2!)(i^f i^f which is calculated as 

r 2 A'' N 

^ a,b=\ a',6'=l 

-%{Va - yb)deAabYba{^) + i{ya- yb)deAabAi,a{i) 
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+i{ya - y,)d,Xl,Xl{0 - i{x', - xl)d^Xl,AUi) 
-t{ya - y,)deXl,Xt{0 + - xt)deXl,Yu{i) 

+2{ya - yb)deCatCUO " ^iVa - yb)drCabCUO} 

x{i{ya' - yb')dr'Ya'b'Yb'a'{C) " KVa' " yb')dr'Ya'h' Ab> a' (O 
-KVa' - yb')de'Aa'b'Yh:a'iC) + iiVa' " l/fe')<9e'^a'6'^6'a' (C) 

+tiya' - yy)dr'X^J,,Xt:AO - ^ - 4)dAA,,A0 

-l{ya' - yb')de'X'J,X'a'ie) + ^{X':> - 4>e'^a'6'n'a'(e') 
+Ba'b'd0'Ybia'{^') — Ba'b'dr'Ah'a'iC') 



ai^b 

-17 



\{Xa-Xbr 2 {{Xa-Xb^yj 
{ya-ybf .Q^Q^,G{i,i')G{i,0 



{{Xa - XbYY 



17 {ya-ybf 



. (3.52) 



\{xa-Xby 2 {(xa -a;b)2}2 
Next we consider ^^^^^(^"■e-ioop) ^^^^^ jg g^^g^ calculated as 

^j^^^^ {one— loop) 

r ^ (1 1 1 

= iL^Jd^^ ^ |-(a,Fa6a,na) - (a,F„,aeAa) + ^{deA^deAba) + -{drXl,drXl 
a, 6=1 



■{deXl,deXl) - i{deCabdeCba) + ^(a,C'„,a,aa) 



L'jd\jd\'Y. 



{Xa-XbY 



a+b 

{{Xa - XbYY 



1 {ya - ybf 



\{Xa-Xbf 2{{Xa-XbYYj 

Finally, we consider (l/2!)(i^fi^f )(°"^-'°°^'). It is given by 
L2 



. (3.53) 



2! 



AT N 



^ •' a,6=lo',&'=l 



d'c urT. 

a^b - 

+16 



x{i<,,,9,,*6v(e') - ^<,6'7'5,'*6v(e')}) 

-4 „ (l/a-?/6)' ^ 



(Xa-X6)2 {(Xa - a;6)2}2^ 

{ya - ybf 



drdr'G{i,OG{LO 



{{Xa-XbYY 

16 



d,de^G{i,OG{i,0 



Note that we have never used the fact that G{^, is the 5-function in calculating eqs.( p.52"D - 
(|3.54|) . Hence eqs.( p.52D - (p.54|) is expected to be unaltered even if we adopt a certain regu- 
larization and G{^,^') is a regularized 5-function. We first use the fact that G{^,^') is the 
(5-function at this stage and it is shown that the one- loop quantum correction at O(L^) is 
zero, i.e., (l/2!)(i^f z5f + {iS^)ione-ioop) ^ (i/2!)(z5f i5f = 0. Of course 

the above calculations in matrix string theory are essentially the same as the ones in the 
wrapped supermembrane theory 
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(2) Two-loop contributions 

Next, we consider the two- loop contributions in 



l/2!)(z^f«^f), (tS^) and {l/2\){iS[ tS[), 



which are not calculated in Ref.[^. We refer to them as {1 / 2\){iSf iS^)'^'^ 



wo— loop) 



and (l/2!)(i^f i^f)(*"'°-'°°P), 
ing to them. 



-loop) 



respectively. In Fig.^ we give Feynman diagrams correspond- 





(a) (b) (c) 

Figure 3: Two- loop Feynman diagrams at O(L^). Figs. (a), (b) and (c) correspond to two- 
loop contributions in {l/2\){iS^iSf) , {182) and (l/2!)(zS'f iS^), respectively. 

First, we consider (l/2!)(2^f i^f which is given by 

T 2 N N 

a,b,c=l a',fe',c'=l 

+ iya - yb)AabiAbcY,a - YbcA^m - iVa - yb)X^MbcXt, - X^cAcam 
+ {xt - xt)A,biA.Xt - X^A^^m + iVa - yb)X',,{Yb,Xi - XtY^M) 
-{^1 - Xb)Yab{Yi,cX^ - X^^Yca)iO + (a;^ - xl)X[^^{X^^X[^ - Xl^X^){^) 

-i{ya - yb)Cab{AbcCca - Cfec^ca)(0 + ^iVa " yb)C ab{YbcC ca - CbcYca){C) 

+i{xl - xl)Cab{XlC,, - CbcXlm) 

x{ - {Va' - yy) Ya'b'{Ab'c'Yc'a' - ^b'c'^c'a') (O 
+ {ya' - yw) Aa'b'{Ab'c'Yc'a' - Yb'd Ac'a'){0 

-iVa' - Vb') X%{A y,X^^,, - X^,,A,,,){0 

zero-mode gauge field a is restricted to be zero by hand in calculating the one-loop quantum 
corrections. In this paper, however, we have just fixed the gauge (a = y) and added the corresponding FP- 
ghost part following the standard procedure In this sense the configuration of the gauge field a is not 
restricted in our calculations. 
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- Tw") A ikAAu iX^', , 






yb' ) ^a'b'K-'- b'c'^c'a' 


- X^, ,Y , Mf''] 
^b'c' ^ c'a' jyC, ) 




- iKiiYw /XY , - 
•^b' / ^ a' b' \^ b' c c. a 


- Xt,' ,Y> >)(^') 

^b'c' ^ c'a' J 




y'-' (Y^' y'' 

U / CI U \ OC CCt 


— xL /Xj^, 




— Ub') Ca'b'{Ab'c'Cc'a' 


— Cb'c'Acia')i^') 


+iiya' 


— Ub') Ca'b'iXb'c'Cc'a' 


— Cb'c'Yc'a')i^') 




— ) Ca'b'{.Xb'c'^c'a 


-avXl,)(r)} 



(3.55) 

By using the variables X^ and x^ in eq. (|3.46|) and the propagator (|3.47| ), we can put the 
above expression into a compact form and we obtain 

^ a,fe,c=l a',6',c'=l 

+^(^f ~ Xb)^ab{X^^Cca - C'bc^m)(0} {{^5 ~ ^b' )^a'b'{^Vc'^c'a' ~ ^b' c'^da'){^') 

- x^')CMX^',Cc'a' - CycX^m]) 



33 



a^b, b^c, c^a 



2 {Xa - XbY{Xb - XcY 



-16 



yXa - XbY{Xb - XcYi^Xc - XaYY 



-^L' J d\ J d\' E 



2 {{Xa- XbYiXb- XcYY 

33 1 



a^b, b=^c, c^a 



2 Xb)^(^Xb ^c)'^ 



-16 



{Xa - Xb^iXb - Xc^iiXc - Xa^y 

1 {(x^-x^^)(a;^-a;J)}2 ^ 



f\\3 



2 {{Xa - Xb)^{Xb - Xc)2}2 



(3.56) 



Next, we consider (i^f 

^^^B^ (two— loop) 

= iL^I d^i 



N r k k 

E I ~ {^abYbcAcdXda) + (AabYbcYcdAda) — (^afe-^bc^cd-^rfa) 

a,b,c,d=l 

+ {AabX^^X^^Ada) + {YabX^J^cdX^^) - {YabX^^X^Yda) 
I / vf<^ vl^ vl \ / vl- \ 1 

+ E ]'^{GabAbaCacAca) ~ "iiCabAbaAacCca) ~ ^iAabCbaCac^ca) 
a,b,c=l 

~\~i{AabCbaAacCca) ~ ^{C ab^baC acYca) + ab^boYacC ca) 
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+^CabX^a^acCca) + "i- {^ab^ baC ac^'^a) ~ {^ab^ baX^cC ca) 



. (3.57) 



By using the variables and in eq.( |3.46| ) and the propagator ( p.47| ), we can also put 
the above expression into a compact form and we get 



j^j^(^B\^{two—lo(yp) 

= zL^ [ d^i 



N 



El / vK vL \rK \rL \ ^ I VK \rL \rL 

^^K^ab^bc^cd^dal - ^K^ab^bc^cd^dal 
a,b,c,d=l 



N 

+ E 

a,b,c=l 



— i{C abXj^^C acX^g) + i{CabXl^X^^Cca) 
+'^{Xab^baCacXl^^) - i{X^^^CbaX^^C ca) 



E 



73 



1 



1 {(£f 



aj^b by^c k ^ i^^a ^b) (•^'6 •^'c) 2 {(Xq Xb) (^jfo Xc) } 

1 



+18 E 



= tL^ jd^i j d\' 



E 

a^b, by^c 



{ 73 1 



1 {{x^a-4){xt-X^c)Y 



+ 18E 



2 {xa - XbY{xb - Xc)2 2 {(a;^ - XbY{xb - x^YY 



t^bii^a-XbYy 



(3.58) 



The first and second summations in the above equation correspond to the third and forth 
summations in eq. ( |A.2| ), respectively. Now we extract the a = c part from the first summa- 
tion in eq.( |3.58| ) and add it to the second summation. Then we get 



^j^^B^(two—loop) 

= iL^ [ d'^ I d^i' 



E 

. a^b, by^c, 

+54 E 



73 



1 



1 {{x\-xl){xl-x\)Y 



\2 {Xa - XbY[Xb - X^y 2 {{Xa - Xb^iXb - X^'^Y 
1 



^b{(a;a-a;6)2}2_ 

Finally we consider (1/2!) (iSf iSf)^^^°~''°''P^ and the contribution is calculated as 



(3.59) 



2! 



L2 

" 2 



N N . 

/ d'i / d'i' E E ( ^IbiAbc^ca - ^bcA^m 

-^l,^\Yb.^.a - ^bcYcam - ^i,i\xi^,, - ^bAm 

x|*f,,,(Ab.e'^'c'a' - ^b'c'^'a')(e') " "^Iwl^ ^b' d"^ d a' ' ^'fe'c'^v) (^0 
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^ 



a^^fo, &7^c, CT^a 

16 



{G{U)r- (3.60) 



Note that in calculating eqs.( |3.56|) , (|3.59|) and (|3.60|) we have never used the fact that G{^, 
is the 5-function. Hence eqs. (|3.56| ), (|3.59| ) and ( p.60D are expected to be unaltered even if we 
adopt a certain regularization and is a regularized ^-function. We first use the fact 

that G{^,^') is the (5-function at this stage and sum up eqs.( p.56| ), ( p.59| ) and ( p.60| ). Then, 
we obtain 



(3.61) 



Thus we see that the two-loop quantum corrections at 0{L^) do not cancel out. One comment 
is in order: The remaining term is exactly that of the second summation in eq. (|3.59| ). If we 



assume that the differences of the diagonal elements can be estimated as 



-4) 



O(Ar")0 



with some common constant a when is large, we will see that the terms canceled in 
eq.( p.61|) , i.e., terms given by the summations over a,b and c with ay^b, b^c, c^a 
in eqs.(pl), (pl) and (jpg), behave as Ea^.^b^ccM^ - ^')-'(4 - 4)-' ~ 0{N^-^-), 
while the remaining term, which comes from the second summation in eq.( p.59| ), behaves as 
J2a=ib{4 ~ 4)'"^ ~ 0{N'^~'^°'). In this sense, we could say that only the leading terms in 
the large N can be canceled out in the two-loop quantum corrections to the classical string 
action at Oi^L"^). 

It will be pedagogical to re-consider the results ( ^.56[ ), ( ^.59[ ) and ( ^.6U| ) in the case of 
N = 2. In this case, it is obvious that eqs.( |3.56| ) and ( p. 601 ) are zero. The reason is as 
follows: Schematically, each term in eqs. (|3.56| ) and (|3.60|) is represented by {tr{X^)tr{X^)) , 
where X stands for a bosonic or fermionic 2x2 matrix of only off-diagonal components, 
i.e., its diagonal components are zero. Thus tr{X^) = and hence eqs.( |3.56" ) and (|3.60| ) are 
zero. On the other hand, each term in eq. ( p.59| ) is schematically represented by {tr{X'^)) 
and it can have non-zero value. Thus in iV = 2 case, it is obvious that only the bosonic 
contribution of eq. ( ^.59] ) exists. 



4 Conclusion and discussion 

In this paper we have studied in matrix string theory whether the reduction to the diagonal 
elements of the matrices is justified quantum mechanically. We have seen that at O(L^), the 
two- loop quantum corrections do not cancel out. Our calculations are essentially two- loop 
extension of the previous ones in Ref . [|5| . 

We should note that no suitable regularization for the divergences of 5^^\0) type is found 
so far, and hence we have only studied a mechanism of cancellations of the divergences 

According to the correspondence of a long string in matrix string theory with the wrapped supermem- 
brane given in Ref.|^, a — —1 for |a — 6| <C N. 
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between bosonic and fermionic degrees of freedoms. Actually, we have found that at the 
two- loop level of O(L^), the sub-leading term in the large N appears only from the bosonic 
degrees of freedom and cannot be canceled out. Even if we find a suitable regularization, 
such a structure seems to be unaltered and hence our result will be unchanged. 

Finally, we comment on the global constraints ( |2.2(]| ) and ( |2.21| ) in the wrapped super- 
membrane theory. To be precise, such constraints should be taken into account in the cal- 
culations of the quantum double- dimensional reduction^^. In matrix string theory, however, 
there are no counterparts of such constraints, as was discussed in section ^. In particular, in 
the standard derivation of matrix string theory, they do not appear naturally. However, our 
result may suggest that the suitably matrix-regularized constraints should be incorporated 
with the standard form of matrix string theory. 

Acknowledgments: The work of SU is supported in part by the Grant-in-Aid for Scientific 
Research No. 13135212. 



A Interaction part of the action 

In this appendix we give the interaction part of the action by using the matrix elements in 
eqs.dOl) and (p|). 



= L Si 



/ '^^^ E ] ^(Va - yb)drYabYba - 2i{ya - yb)drYabAba + liVa " yb)drAabYba 
La.b=l 



-2i{ya - yb)d0AabYba + i{ya - yb)deAabAba + i{ya - yb)deYabAba 
+i{ya - yb)drX':,Xl - 2i{xl - xX)d,Xl,Aba + i{x\ - x^)9.A,,X, 
-i{ya - yb)deXl^Xt + 1i[x\ - x\)dBXl^Yba - i{x\ - x\)deYabXt 

+BabdeYba - BabdrAba + (?/a " yb)deCabCba " (l/a " yb)CabdeCba 
+ {ya - yb)CabdrCba - (Z/a - yb)drCabCba 



k 
ba 



N 

■ E 

a,6,c=l 





- yb)Yab{AbcYca - 


YbcAca) + {ya - yb)Aab{AbcYca - YbcA^a) 


-{ya 


- yb)x^i^{AbcX^^ - 


' ^bc^'^ca) + (a^a ~ X:'^)AabiAbcX^^ — X^^Aca) 


+{ya 


~yb)Xl,{Yb.Xt- 


XbcYca) - (a^a - x'^)YabiYbcX^^ - X^^ca) 




" ^b)^ab{^bc^ca 


- X^X^) - l{ya - yb)Cab{,AbcCca " Cfoc^ca 


+iiya 


— yb)Cab(YbcCca " 


" CbcYca) 



+i{x^a ~ Xb)Cab{X^^Cca " C'6c-'^ca)| 



(A.i; 



/■ ^ rl 1 1 

= L'^jd^i {2^rYabdrYba-drYabdeAba + -deAabdeAba + -drX'^,drXt 

a,b=l 



In Ref.[||, the global constraints are not considered in their calculations. 
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N . 
a,b,c=l 

— deCabiYbcCca — CbcYca) + d^-C ab{AbcC ca — CbcA, 



+ 



N . 



AabYbcAcdYda + AabYb(YcdAda AabXf^^AcdX^ 



+AabXl^^X^^Ada + YabX^^YcdX^^ — YabX^^X^Yda 
I -yl Y'k -yl Y'l -yk 

+ ^ \ '^C abAbaC acAca ~ iC abAbaAacC ~ ^AabCbaCac^c 

^ U 1 ^ 



a,b,c=l 



-\-iAabCbaAacCca ~ iC abYbaC acYca + abYboXacC ca 



'\'iYabCbaCacYca ~ ^YabCbaYacC ca '~ '^'C abX^g^C acX^ 
-^iCabX^^X'^Cca + iXl-^CbaCacX^ - iX^CbaX'^Cca 



qF 
'^1/2 



F 
1/2 

N 



- a,b=l 

F 

N 



Y: 2*^,(V'„ - A) Aba 



= L[d'^ J2 U^lbdr^ba-t^Wde^ba]+ E hlbi^bc^ca-^bcA 
\-a,h=l ^ ^ a,b,c=\ ^ 

-^l,^\Yb.^cu - ^^bcYca) - ^l,l\Xl^>^ - ^bcXl)] 

The following formulas are useful to obtain the above expressions, 

{[x,X\)ab = {Xa-Xb)Xab, 



N 



tr{x[X, Y]) = tr{X[Y, x]) = tr{Y[x, X]) =Y.i^b- Xa)YabXba • 

a,6=l 



(A.2) 



(A.3) 



(A.4) 

(A.5) 
(A.6) 
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